cal systems (1, 2) . In physics instabilities and hysteresis are well known to play an important role in collective properties and have been studied since many years (3, 4, 5, 6) . Recently, multi-stability with hysteresis has also awakened a large interest in biological systems (7) .
Instabilities, for instance, are crucial for efficient information processing in the brain, such as in odor encoding (8, 9) . Moreover, unstable dynamic attractors have been demonstrated in cortical networks, with critical relevance to working memory and attention (10, 11, 12) . In a wide sense, multistable systems allow changes among different stable solutions where the system takes advantage of instabilities as gateways to switch between different stable branches (7) . Bistability driven by instabilities prevents the system from reaching intermediate states, e.g. partial mitosis. Hysteresis prevents the system from changing its state when parameter values, that characterize the system, vary. This is of relevance, for instance, in cell mitosis.
Once initiated, mitosis should not be terminated before completion (13) . Thus, hysteresis may lock the cell into a fixed state, preventing it from sliding back to another state (14) .
At the level of cell networks, multistability, and in particular bistability, plays an important role in cell signaling as well (15, 16) . For example, communication between neurons takes place at synaptic contacts, where arrival of an action potential stimulates release of a neurotransmitter, thus affecting the post-synaptic potential of the target cell. Typically, each cell receives input from thousands of other cells mediated by different neurotransmitters, which modify the post-synaptic potential by excitation or inhibition at different time scales (17) . This information at the cell membrane may be transferred to the cell nucleus by so-called second messengers to affect the nucleus in controlling DNA-expression, protein synthesis, mitosis, etc. Calcium is one such second messenger and calcium oscillations have been reported over a wide range of frequencies with a chaotic or regular pattern (18) .
In many biological systems, cells display spontaneous calcium oscillations (CaOs) and repetitive action-potential firing. These phenomena have been described separately by models for intracellular inositol trisphosphate (IP 3 )-mediated CaOs (19, 20) and for plasma membrane excitability (21) . We have recently presented a single-cell model that combines an excitable membrane with an IP 3 -mediated intracellular calcium oscillator (22 ] ). An essential component of this model relates to store-operated calcium channels in the plasma membrane. Since it is not known whether multiple types of store-operated calcium channels are involved in normal rat kidney (NRK) fibroblasts, we will use the general terminology of store-dependent calcium (SDC) channels.
NRK fibroblasts in cell culture exhibit growth-state dependent changes in their electrophysiological behavior (23) . Subconfluent-grown serum-deprived quiescent cells exhibit a stable resting membrane potential near -70 mV ("resting state"). Upon subsequent treatment with epidermal growth factor the cells re-enter the cell cycle, undergo density-dependent growth-arrest (contact inhibition) at confluency and spontaneously fire action potentials associated with intracellular calcium oscillations ("AP-firing state"). Subsequent addition of retinoic acid or transforming growth factor (TGF)β to the contact inhibited cells causes the cells to become phenotypically transformed and to depolarize the cell to approximately -20 mV ("depolarized state"). This depolarization has been shown to be caused by an elevation of the concentration of prostaglandin (PG)F 2α secreted by the unrestricted proliferating transformed cells. Washout of the medium conditioned by the transformed cells by perfusion with fresh serum-free medium causes the cells to slowly repolarize, and, preceded by a short period of fast small-amplitude spiking of their membrane potential ("fast oscillating state"), to regain spontaneous repetitive action potential firing activity ("AP-firing state") similar to that of the contact inhibited cells. These phenomena have been described in detail (23) and are very similar to the behavior of other cell types with calcium oscillations and action potential firing, such as interstitial cells of Cajal (24) and hepatocytes (25) .
In this study we have analyzed the model reported in (22) . This model, which is shown schematically in Fig. 1 , illustrates the basic characteristics of NRK fibroblasts. It repro-duces, on the basis of single-cell data (22, 26) , the dynamics of both the plasma membrane excitability and that of the intracellular calcium oscillator. We have recently shown that (PG)F 2α dose-dependently induces IP 3 -dependent intracellular calcium oscillations in NRK fibroblasts (27) . Since the growth-state dependent modulation of the membrane potential of NRK fibroblasts is related to the concentration of (PG)F 2α in their culture medium (23) and since this prostaglandin dose-dependently increases [ 
Model description
The dynamics of NRK cell membrane excitability is given by a set of equations which describe the active and passive ion transport systems in the plasma membrane and the endoplasmic reticulum, as illustrated in Fig. 1 (see (21, 22) for a detailed description). The change in the membrane potential as a function of time due to the currents through inwardly rectifying potassium channels (I Kir ), L-type Ca-channels (I CaL ), Ca-dependent Cl-channels (I Cl(Ca) ), leak channels (I lk ), and SDC-channels (I SDC ) is given by
I Kir and I lk determine the membrane potential of the cell at rest near -70 mV and are specified in (22) .
The equation describing the L-type Ca-current (I CaL ) in terms of the Hodgkin-Huxley kinetics of the L-type Ca-channel, is given by
where m is the voltage-dependent activation variable, h is the voltage-dependent inactivation variable and v Ca is the inactivation parameter. The dynamics of the variables m and h are described by first order differential equations of the Hodgkin-Huxley type (22) . The calciumdependent inactivation is given by
The Ca-dependent Cl-current I Cl(Ca) is given by
The chloride current increases with the cytosolic calcium concentration [Ca The store-dependent calcium current I SDC is described by
This store-dependent calcium channel allows calcium ions to flow from the extracellular space into the cytosol at a rate inversely proportional to the calcium concentration in the ER (28) .
SDC channels are thought to play a major role in the control of Ca-homeostasis in the cell (22, 29) .
The rate of change of Ca-content of the cytosol of the cell due to inflow through the cell membrane and from the ER store, and by buffering is described by
where V ol cyt represents the cytoplasmic volume and A P M and A ER the area of the cell membrane and of the ER membrane, respectively. The term [BCa] denotes the buffercalcium complex in the cytosol and will be explained later. The flux of calcium through the membrane (J P M ) is the sum of the influxes of Ca 2+ ions through the L-type Ca-channel, through the SDC-channel, and of the extrusion by the PMCA-pump (22) , and is given by
The dynamics for the intracellular calcium oscillator is described by the flux of calcium through the ER membrane. The rate of change of calcium content in the ER depends on the sum of flux through the IP 3 -receptor (J IP 3 R ), flux by leak through the ER-membrane (J lkER ) and flux by removal by the SERCA pump (J SERCA ), which results in
where V ol ER represents the volume of the ER.
The flux through the IP 3 -receptor is described by
where [Ca and w ∞ depend both on the cytosolic calcium concentration and are described by
and
The inactivation time constant of the IP 3 -receptor is defined by
.
(10) J lkER is a passive leak of Ca 2+ from the ER into the cytosol which is not mediated by the IP 3 -receptor, but by an additional Ca-channel in the ER membrane, presumably the translocon. Experimental evidence for a role of the translocon complex as a passive Ca 2+ leak channel has been presented recently (30) . J lkER is given by
We used the leakage parameter K lkER as a control parameter to study the dynamics of the plasma membrane, because changes in the leak of Ca-ions through the ER membrane produce proportional changes in [Ca
J SERCA represents the flux of calcium into the ER by the SERCA pump and is given by
Finally, calcium in the cytosol is buffered by proteins in the cytosol. The dynamics of ER ]), which were defined above. To study the stability of the complete system we have determined the singular states for the system and calculated the Floquet multipliers of these singular states (32, 33) .
Stability analysis of the membrane model
We will first analyze the bifurcations and local stability of both the excitable membrane and intracellular calcium oscillator separately, and then compare the results with the properties of the single-cell model including both the membrane dynamics and intracellular calcium oscillator. Two different analyses, namely, our own implementation in C, and the software package XP P AUT (34), which includes an AUT O86 (35) interface, gave the same results.
In the single-cell model the intracellular calcium oscillations can be eliminated by setting Starting at the value zero for K lkER , the inwardly rectifying K-channels keep the membrane potential at the resting membrane potential of the NRK fibroblasts near −70 mV, where the membrane is able to produce an action potential upon electrical stimulation (22) .
For increasing values of K lkER , [Ca Ca-dependent Cl-channels and L-type Ca-channels explains the abrupt increase of [Ca
When we decrease K lkER starting from 60.0×10 −8 dm/s (thin solid line), the cell remains depolarized near -20 mV far below the value of K lkER at 58.0 × 10 −8 dm/s. This is caused by the feedback between the Ca-dependent Cl-channels and L-type Ca-channels. When we only take into account the Ca-flux through the SDC-channels and PMCA pump in the plasma membrane.
As explained in (22) , the relative strength of the PMCA and SERCA pump is crucial to reproduce the steady state calcium concentrations in the cytosol and in the ER. By eliminating the calcium inflow by the L-type Ca-channels, less calcium flows into the cell.
Therefore, we have to change the relative strength of the PMCA and/or SERCA pump to maintain the proper balance between calcium concentration in the cytosol and ER. In this model study, we choose to decrease the strength of the SERCA pump. By doing so, the system reveals a bifurcation diagram (Fig. 3A) similar to that observed in other models (36, 37 When the strength of the SERCA pump is increased to 8.10 The inset in Fig. 3B 
Stability analysis of the single-cell model
Unblocking the L-type Ca-channels (G CaL =0.7 µM) transforms the bifurcation diagram of 3B into that of Fig. 4A. Fig. 4 shows [Ca Since the SDC channels in the plasma membrane play a crucial role in stabilization of the calcium dynamics (22, 38) , we studied the dynamics of the cell as a function of the SDC conductance in a range between 0.00 and 0.20 nS. Fig. 5 shows the hysteresis diagrams for five different values of G SDC . As explained in (22) , the calcium homeostasis of the cell is unstable for G SDC = 0.00 nS. For small values of G SDC bistability and hysteresis appears.
The IP 3 range with hysteresis is largest for a G SDC value near 0.04 nS (see Fig. 5 Recent data in the literature show that the SDC conductance, which was found to give the largest range for hysteresis in our study (near 0.04 nS), corresponds to the observed SDC conductance in other studies (39, 40, 41) . The SDC conductance reported in Table 1 of (39) and in (40) was in the range between 0.04 and 0.05 nS (solid line below the peak in Fig.   6 ). For hepatocytes (41) a SDC conductance was reported in the range between 0.08 and 0.14 nS. However, since the density of all ion channels in hepatocytes is twice as high as in fibroblast (42, 43) , the ratio of conductances for the ion channels is the same in hepatocytes and NRK fibroblasts. If we correct for this higher density, rescaling all conductances for those of NRK fibroblasts, we obtain the dotted line in 6. Therefore, the SDC conductance, for which hysteresis is found over the largest range of IP 3 -values in our study (see Figs. 5 and 6), is in agreement with experimental observations for SDC conductance.
Discussion
In this study we have analyzed a relatively simple model with an excitable membrane and with IP 3 -mediated calcium oscillations. The interaction between these mechanisms in a single-cell model revealed a surprisingly rich behavior with stable/instable states with hysteresis.
The hysteresis and bistability of the membrane potential and the intracellular calcium concentration in Fig. 4A and B obtained by stability analysis of the single-cell model provide an explanation for the various growth-state dependent changes in the electrophysiological behavior of normal rat kidney (NRK) fibroblasts in cell culture (23) . The stability analysis of the single-cell model (Fig. 4) Most of the parameter values in our model were taken from the literature (see (22) ) for a detailed overview). Interestingly, the parameter values for the excitable membrane and for the IP 3 -mediated calcium oscillator, which are very different mechanisms, are not independent. This can be understood from the fact that the dynamics of the excitable membrane and of the IP 3 receptor are coupled by the cytosolic calcium concentration. Changing one parameter of the excitable membrane or calcium oscillator affects the other mechanism by changes in the cytosolic calcium concentration. This is illustrated, for example, by Fig. 3 .
Changing the strength of the SERCA pump causes large differences in the range of hysteresis in the dynamics of cytosolic calcium (Fig. 3) , and therefore also in the dynamics of the membrane potential (see Fig. 4 , which illustrates the relation between the dynamics of cytosolic calcium and the membrane potential). Although the parameter values for the excitable membrane and for the IP 3 -mediated calcium oscillator were taken from different studies, they fit nicely together to explain the behavior of NRK cells both qualitatively and quantitatively. This provides strong evidence for the reliability of these parameter values. Conceptual model of the processes involved in membrane excitability and intracellular IP 3 -mediated calcium oscillations by calcium release through IP 3 -receptors in the ER membrane in NRK fibroblasts. Cell-membrane excitability is supported by inwardly rectifying potassium channels (G Kir ), Ca-dependent Cl-channels (G Cl(Ca) ), L-type Ca-channels (G CaL ), store-dependent calcium (SDC) channels (G SDC ), a PMCA pump and leak channels (G lk ).
The total flux of calcium through the ER-membrane is the result of the contribution by the SERCA pump, by the IP 3 -receptor (J IP 3 R ) and by leak channels in the ER membrane (J lkER ). The membrane excitability and IP 3 -mediated calcium oscillations are coupled by the cytosolic calcium concentration, which is also affected by a calcium buffer B.
Fig. 2.
Stable and unstable states for the excitable membrane using K lkER as a control parameter.
The intracellular Ca-oscillator was silenced by setting the IP 3 concentration to zero. Thick (thin) lines correspond to the stable steady-state solutions for the [Ca 
